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Abstract
The status of a vertex u in a connected graph G, denoted by σG(u),
is defined as the sum of the distances between u and all other vertices
of a graph G. The first and second status connectivity indices of a
graph G are defined as S1(G) =
∑
uv∈E(G)[σG(u) + σG(v)] and S2(G) =∑
uv∈E(G) σG(u)σG(v) respectively, where E(G) denotes the edge set of
G. In this paper we have defined the first and second status co-indices of a
graphG as S1(G) =
∑
uv/∈E(G)[σG(u)+σG(v)] and S2(G) =
∑
uv/∈E(G) σG(u)σG(v)
respectively. Relations between status connectivity indices and status
coindices are established. Also these indices are computed for intersec-
tion graph, hypercube, Kneser graph and achiral polyhex nanotorus.
Keywords: Distance in graph, status indices , transmission regular
graphs , intersection graph , Kneser graph , achiral polyhex nanotorus.
1 Introduction
The graph theoretic models can be used to study the properties of molecules
in theoretical chemistry. The oldest well known graph parameter is the Wiener
index which was used to study the chemical properties of paraffins [29]. The Za-
greb indices were used to study the structural property models [15, 27]. Recently,
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Ramane and Yalnaik [24], introduced the status connectivity indices based on
the distances and correlated it with the boiling point of benzenoid hydrocar-
bons. In this paper we define the status co-indices of a graph and establish the
relations between the status connectivity indices and status co-indices. Also we
obtain the bounds for the status conncitivity indices of connected complement
graphs. Furher we compute these status indices for intersection graph, hyper-
cube, Kneser graph and achiral polyhex nanotorus.
Let G be a connected graph with n vertices and m edges. Let V (G) =
{v1, v2, . . . , vn} be the vertex set of G and E(G) be an edge set of G. The edge
joining the vertices u and v is denoted by uv. The degree of a vertx u in a graph
G is the number of edges joining to u and is denoted by dG(u). The distance
between the vertices u and v is the length of the shortest path joining u and v
and is denoted by dG(u, v).
The status (or transmission) of a vertex u ∈ V (G), denoted by σG(u) is
defined as [18],
σG(u) =
∑
v∈V (G)
d(u, v).
A connected graph G is said to be k-transmission regular if σG(u) = k
for every vertex u ∈ V (G). The transmission regular graphs are exactly the
distance-balanced graphs introduced in [19]. They are also called as self-median
graphs [7].
The Wiener index W (G) of a connected graph G is defined as [29],
W (G) =
∑
{u,v}⊆V (G)
dG(u, v) =
1
2
∑
u∈V (G)
σG(u).
More results about Wiener index can be found in [9, 11, 16, 23, 25, 26, 28].
The first and second Zagreb indices of a graph G are defined as [15]
M1(G) =
∑
uv∈E(G)
[dG(u) + dG(v)] and M2(G) =
∑
uv∈E(G)
dG(u)dG(v).
Results on the Zagreb indices can be found in [10, 13, 14, 20, 22, 31].
The first and second Zagreb co-indices of a graph G are defined as [12]
M1(G) =
∑
uv 6∈E(G)
[dG(u) + dG(v)] and M2(G) =
∑
uv 6∈E(G)
[dG(u)dG(v)] .
More results on Zagreb coindices can be found in [4, 5].
Recently, the first and second status connectivity index of a graph G have
been introduced by Ramane and Yalnaik [24] to study the property of benzenoid
2
hydrocarbons and these are defined as
S1(G) =
∑
uv∈E(G)
[σG(u) + σG(v)] and S2(G) =
∑
uv∈E(G)
σG(u)σG(v). (1)
Similar to Eq. (1) and the definition of Zagreb co-index, we define here the
first status co-index S1(G) and the second status co-index S2(G) as
S1(G) =
∑
uv 6∈E(G)
[σG(u) + σG(v)] and S2(G) =
∑
uv 6∈E(G)
[σG(u)σG(v)] .
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Figure 1
For a graph given in Fig. 1, S1 = 74, S2 = 169, S1 = 11, S2 = 60.
2 Status connectivity indices and co-indices
Status connectivity indices of connected graphs are obtained in [24], In this sec-
tion we obtain the status coindices and also status indices of complements.
Proposition 2.1. Let G be a connected graph on n vertices.
Then
S1(G) = 2(n− 1)W (G)− S1(G)
and
S2(G) = 2(W (G))
2 − 1
2
∑
u∈V (G)
(σG(u))
2 − S2(G).
Proof.
S1(G) =
∑
uv 6∈E(G)
[σG(u) + σG(v)]
=
∑
{u,v}⊆V (G)
[σG(u) + σG(v)]−
∑
uv∈E(G)
[σG(u) + σG(v)]
= (n− 1)
∑
u∈V (G)
σG(u)− S1(G)
= 2(n− 1)W (G)− S1(G).
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Also
S2(G) =
∑
uv 6∈E(G)
[σG(u)σG(v)]
=
∑
{u,v}⊆V (G)
[σG(u)σG(v)]−
∑
uv∈E(G)
[σG(u)σG(v)]
=
1
2

 ∑
u∈V (G)
σG(u)
2 − ∑
u∈V (G)
σG(u)
2
− S2(G)
= 2(W (G))2 − 1
2
∑
u∈V (G)
(σG(u))
2 − S2(G).
Corollary 2.2. Let G be a connected graph with n vertices, m edges and
diam(G) ≤ 2. Then
S1(G) = 2n(n− 1)2 − 6m(n− 1) +M1(G)
and
S2(G) = (n− 1)2 [2n(n− 1)− 8m] + 2m2 +
(
2n− 5
2
)
M1(G)−M2(G).
Proof. For any graph G of diam(G) ≤ 2, σG(u) = 2n− 2− dG(u) and
W (G) = m+ 2
[
n(n− 1)
2
−m
]
= n(n− 1)−m.
Also S1(G) = 4m(n− 1)−M1(G) and S2(G) = 4m(n− 1)2 − 2(n− 1)M1(G) +
M2(G) [24].
Therefore by Proposition 2.1,
S1(G) = 2(n− 1)[n(n− 1)−m]− {4m(n− 1)−M1(G)}
= 2n(n− 1)2 − 6m(n− 1) +M1(G)
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and
S2(G) = 2 [n(n− 1)−m]2 − 1
2
∑
u∈V (G)
(2n− 2− dG(u))2
− [4m(n− 1)2 − 2(n− 1)M1(G) +M2(G)]
= 2 [n(n− 1)−m]2 − 1
2
 ∑
u∈V (G)
(2n− 2)2 − 2(2n− 2)
∑
u∈V (G)
dG(u)
+
∑
u∈V (G)
(dG(u))
2
− [4m(n− 1)2 − 2(n− 1)M1(G) +M2(G)]
= 2 [n(n− 1)−m]2 − 1
2
[
n(2n− 2)2 − 4m(2n− 2) +M1(G)
]
− [4m(n− 1)2 − 2(n− 1)M1(G) +M2(G)]
= (n− 1)2 [2n(n− 1)− 8m] + 2m2 +
(
2n− 5
2
)
M1(G)−M2(G).
Proposition 2.3. Let G be a connected graph with n vertices, m edges and
diam(G) ≤ 2. Then
S1(G) = 2(n− 1) [n(n− 1)− 2m]−M1(G)
and
S2(G) = 2(n− 1)2 [n(n− 1)− 2m]− 2(n− 1)M1(G) +M2(G).
Proof. For any graph G of diam(G) ≤ 2, σG(u) = 2n− 2− dG(u). Therefore
S1(G) =
∑
uv/∈E(G)
[(2n− 2− dG(u)) + (2n− 2− dG(v))]
=
[
n(n− 1)
2
−m
]
(4n− 4)−
∑
uv/∈E(G)
[dG(u) + dG(v)]
= 2(n− 1) [n(n− 1)− 2m]−M1(G).
and
S2(G) =
∑
uv 6∈E(G)
[(2n− 2− dG(u))(2n− 2− dG(v))]
=
[
n(n− 1)
2
−m
]
(2n− 2)2 − (2n− 2)
∑
uv 6∈E(G)
[dG(u) + dG(v)]
+
∑
uv 6∈E(G)
(dG(u)dG(v))
= 2(n− 1)2 [n(n− 1)− 2m]− 2(n− 1)M1(G) +M2(G).
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Proposition 2.4. Let G be a graph with n vertices and m edges. Let G, the
complement of G, be connected. Then
S1(G) ≥ (n− 1)[n(n− 1)− 2m] +M1(G)
and
S2(G) ≥ (n− 1)2
[
n(n− 1)
2
−m
]
+ (n− 1)M1(G) +M2(G).
Equality holds if and only if diam(G) ≤ 2.
Proof. For any vertex u in G there are n− 1− dG(u) vertices which are at dis-
tance 1 and the remaining dG(u) vertices are at distance at least 2. Therefore
σG(u) ≥ [n− 1 + dG(u)] + 2dG(u)
= n− 1 + dG(u).
Therefore,
S1(G) =
∑
uv∈E(G)
[σG(u) + σG(v)]
≥
∑
uv∈E(G)
[n− 1 + dG(u) + n− 1 + dG(v)]
=
∑
uv 6∈E(G)
[2n− 2 + dG(u) + dG(v)]
=
[
n(n− 1)
2
−m
]
(2n− 2) +
∑
uv 6∈E(G)
[dG(u) + dG(v)]
= [n(n− 1)− 2m](n− 1) +M1(G).
And
S2(G) =
∑
uv∈E(G)
σG(u)σG(v)
≥
∑
uv∈E(G)
[n− 1 + dG(u)][n− 1 + dG(v)]
=
∑
uv 6∈E(G)
[
(n− 1)2 + (n− 1)[dG(u) + dG(v)] + [dG(u)dG(v)]
]
=
[
n(n− 1)
2
−m
]
(n− 1)2 + (n− 1)M1(G) +M2(G).
For equality: If the diameter of G is 1 or 2 then the equality holds.
Conversely, let S1(G) = (n− 1)[n(n− 1)− 2m] +M1(G).
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Suppose, diam(G) ≥ 3, then there exists at least one pair of vertices, say u1
and u2 such that dG(u1, u2) ≥ 3. Therefore σG(u1) ≥ dG(u1) + 3 + 2(n − 2 −
dG(u1)) = n+ dG(u1). Similarly σG(u2) ≥ n+ dG(u2) and for all other vertices
u of G, σG(u) ≥ n− 1 + dG(u).
Partition the edge set of G into three sets E1, E2 and E3, where E1 =
{u1v | σG(u1) ≥ n+dG(u1) and σG(v) ≥ n−1+dG(v)}, E2 = {u2v | σG(u2) ≥
n + dG(u2) and σG(v) ≥ n − 1 + dG(v)} and E3 = {uv | σG(u) ≥ n − 1 +
dG(u) and σG(v) ≥ n − 1 + dG(v)}. It is easy to check that |E1| = dG(u1),
|E2| = dG(u2) and |E3| =
(
n
2
)−m− dG(u1)− dG(u2).
Therefore
S1(G) =
∑
uv∈E(G)
[σG(u) + σG(v)]
=
∑
uv∈E1
[σG(u) + σG(v)] +
∑
uv∈E2
[σG(u) + σG(v)] +
∑
uv∈E3
[σG(u) + σG(v)]
=
∑
uv∈E1
[2n− 1 + dG(u) + dG(v)] +
∑
uv∈E2
[2n− 1 + dG(u) + dG(v)]
+
∑
uv∈E3
[2n− 2 + dG(u) + dG(v)]
= (2n− 1)dG(u1) + (2n− 1)dG(u2)
+ (2n− 2)
[(
n
2
)
−m− dG(u1)− dG(u2)
]
+
∑
uv∈E(G)
[dG(u) + dG(v)]
= (n− 1)[n(n− 1)− 2m] + dG(u1) + dG(u2) +M1(G),
which is a contradiction. Hence diam(G) ≤ 2.
The equality of S2(G) can be proved analogously.
3 Status indices and co-indices of some trans-
mission regular graphs
Status indices of some standard graphs are obtained in [24].
A bijection α on V (G) is called an automorphism of G if it preserves E(G).
In other words, α is an automorphism if for each u, v ∈ V (G), e = uv ∈ E(G)
if and only if α(e) = α(u)α(v) ∈ E(G). Let
Aut(G) = {α | α : V (G)→ V (G) is a bijection, which preserves the adjacency}.
It is known that Aut(G) forms a group under the composition of mappings.
A graph G is called vertex-transitive if for every two vertices u and v of G,
there exists an automorphism α of G such that α(u) = α(v). It is known that
any vertex-transitive graph is vertex degree regular, transmission regular and
7
Figure 2: The transmission regular but not degree regular graph with the
smallest order.
self-centred. Indeed, the graph depicted in Figure 2 is 14-transmission regular
graph but not degree regular and therefore not vertex-transitive (see [1, 2]).
The following is straightforward from the definition of status connectivity
indices.
Lemma 3.1. Let G be a connected k-transmission regular graph with m edges.
Then S1(G) = 2mk and S2(G) = mk
2.
Theorem 3.2 ([3]). Let G be a connected graph on n vertices with the automor-
phism group Aut(G) and the vertex set V (G). Let V1, V2, · · · , Vt be all orbits
of the action Aut(G) on V (G). Suppose that for each 1 ≤ i ≤ t, ki are the
transmission of vertices in the orbit Vi, respectively. Then
W (G) =
1
2
t∑
i=1
|Vi|ki.
Specially if G is vertex-transitive (i.e., t = 1), then W (G) = 12nk, where k is
the transmission of each vertex of G respectively.
Analogous to Theorem 3.2 and as a consequence of Proposition 2.1, we have
the following
Theorem 3.3. Let G be a connected graph on n vertices with the automorphism
group Aut(G) and the vertex set V (G). Let V1, V2, · · · , Vt be all orbits of the
action Aut(G) on V (G). Suppose that for each 1 ≤ i ≤ t, di and ki are the
vertex degree and the transmission of vertices in the orbit Vi, respectively. Then
S1(G) =
t∑
i=1
|Vi|diki, S1(G) = (n− 1)
t∑
i=1
(
|Vi|ki(1− di
n− 1)
)
.
Specially if G is vertex-transitive (i.e., t = 1), then
S1(G) = ndk, S2(G) =
1
2
ndk2,
S1(G) = 2
(
n
2
)
k − ndk, S2(G) =
((n
2
)
− nd
2
)
k2,
where d and k are the degree and the transmission of each vertex of G respec-
tively.
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The following is a direct consequence of Proposition 2.1, Lemma 3.1 and
Theorem 3.2.
Lemma 3.4. Let G be a connected k-transmission regular graph with m edges.
Then S1(G) = 2
(
n
2
)
k − 2mk and S2(G) =
(
n
2
)
k2 −mk2.
Following [17] we recall intersection graphs as follows. Let S be a set and
F = {S1, · · · , Sq} be a non-empty family of distinct non-empty subsets of S
such that S =
⋃q
i=1 Si. The intersection graph of S which is denoted by Ω(F )
has F as its set of vertices and two distinct vertices Si, Sj , i 6= j , are adjacent
if and only if Si
⋂
Sj 6= ∅. Here we will consider a set S of cardinality p and
let F be the set of all subsets of S of cardinality t, 1 < t < p, which is denoted
by S{t}. Upon convenience we may set S = {1, 2, · · · , p}. Let us denote the
intersection graph Ω(S{t}) by Γ{t} = (V,E). The number of vertices of this
graph is |V | = (pt), the degree d of each vertex is as follows:
d =
{ (
p
t
)− (p−tt )− 1, p ≥ 2t;(
p
t
)− 1, p < 2t.
The number of its edges is as follows:
|E| =
{ 1
2
(
p
t
)
(
(
p
t
)− (p−tt )− 1), p ≥ 2t;
1
2
(
p
t
)
(
(
p
t
)− 1), p < 2t.
Lemma 3.5 ([8]). The intersection graph Γ{t} is vertex-transitive and for any
t-element subset A of S we have
σΓ{t}(A) =
{ (
p
t
)
+
(
p−t
t
)− 1, p ≥ 2t;(
p
t
)− 1, p < 2t.
Moreover,
W (Γ{t}) =

1
2
(
p
t
)((
p
t
)
+
(
p−t
t
)− 1), p ≥ 2t;
1
2
(
p
t
)((
p
t
)− 1), p < 2t.
Theorem 3.6.
S1(Γ
{t}) =

(
p
t
)((
p
t
)− (p−tt )− 1)((pt)+ (p−tt )− 1), p ≥ 2t;(
p
t
)((
p
t
)− 1)2, p < 2t.
S2(Γ
{t}) =

1
2
(
p
t
)((
p
t
)− (p−tt )− 1)((pt)+ (p−tt )− 1)2, p ≥ 2t;
1
2
(
p
t
)((
p
t
)− 1)3, p < 2t.
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S1(Γ
{t}) =

(
p−t
t
)(
p
t
)((
p
t
)
+
(
p−t
t
)− 1), p ≥ 2t;
2
((p
t
)
2
)
(
(
p
t
)− 1)− (pt)((pt)− 1)2, p < 2t.
S2(Γ
{t}) =

(((p
t
)
2
)
− 12
(
p
t
)
(
(
p
t
)− (p−tt )− 1))((pt)+ (p−tt )− 1)2 p ≥ 2t;(((p
t
)
2
)
− 12
(
p
t
)
(
(
p
t
)− 1))((pt)− 1)2, p < 2t.
Proof. It is a direct consequence of Theorem 3.3 and Lemma 3.5.
The vertex set of the hypercube Hn consists of all n-tuples (b1, b2, · · · , bn)
with bi ∈ {0, 1}. Two vertices are adjacent if the corresponding tuples dif-
fer in precisely one place. Moreover, Hn has exactly 2n vertices and n2
n−1
edges. Darafsheh [8] proved that Hn is vertex-transitive and for every vertex u,
σHn(u) = n2
n−1. Therefore, by Lemmas 3.1 and 3.4 we have following result.
Theorem 3.7. For hypercube Hn
S1(G) = n
222n−1 and S2(G) = n323n−3,
S1(G) = 2n
22n−1(2n− 5) and S2(G) = n222n−2(n(2n− 1)− 1).
The Kneser graph KGp,k is the graph whose vertices correspond to the k-
element subsets of a set of p elements, and where two vertices are adjacent if
and only if the two corresponding sets are disjoint. Clearly we must impose the
restriction p ≥ 2k. The Kneser graph KGp,k has
(
p
k
)
vertices and it is regular
of degree
(
p−k
k
)
. Therefore the number of edges of KGp,k is
1
2
(
p
k
)(
p−k
k
)
(see
[21]). The Kneser graph KGn,1 is the complete graph on n vertices. The Kneser
graph KG2p−1,p−1 is known as the odd graph Op. The odd graph O3 = KG5,2
is isomorphic to the Petersen graph (see Figure 3).
v5
v4
v3
v2 v1
(a) G
v5v3
v2 v1
(b) H1
{4, 5}
{1, 2}
{3, 4}
{2, 5} {1, 2}
{2, 3}
{3, 5}
{1, 5}
{1, 4} {2, 4}
v5v3
v2 v1
2
Figure 3: The odd graph O3 = KG5,2 is isomorphic to the Petersen graph
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Lemma 3.8 ([21]). The Kneser graph KGp,k is vertex-transitive and for each
k-subset A, σKGp,k(A) =
2W (KGp,k)
(pk)
.
Following Proposition follows from Lemma 3.8 and Lemma 3.1.
Proposition 3.9. For a Kneser graph KGp,k we have
S1(KGp,k) = 2W (KGp,k)
(
p− k
k
)
and
S2(KGp,k) =
(
p− k
k
)[
2(W (KGp,k))
2(
p
k
) ] .
Following Proposition follows from Proposition 2.1, Lemma 3.8 and Propo-
sition 3.9.
Proposition 3.10. For a Kneser graph KGp,k we have
S1(KGp,k) = 2W (KGp,k)
[(
p
k
)
−
(
p− k
k
)
− 1
]
and
S2(KGp,k) = 2(W (KGp,k))
2 −W (KGp,k)−
(
p− k
k
)[
2(W (KGp,k))
2(
p
k
) ] .
A nanostructure called achiral polyhex nanotorus (or toroidal fullerenes of
perimeter p and length q, denoted by T [p, q] is depicted in Figure 4 and its
2-dimensional molecular graph is in Figure 5. It is regular of degree 3 and has
pq vertices and 3pq2 edges.
30 A.R. Ashrafi
of x. If G has exactly one orbit, then G is said to be vertex transitive. The following
simple lemma is crucial for our algebraic method.
Lemma 1 Suppose G is a graph, A1, A2, . . . , Ar are the orbits of Aut(G) under its
natural action on V(G) and xi ∈ Ai, 1 ≤ i ≤ r. Then W(G) = ∑rj=1 |Aj|2 d(xj),
where d(x) denotes the summation of topological distances between x and all ver-
tices of G. In particular, if G is vertex transitive then W(G) = |V(G)|2 d(x), for every
vertex x.
Proof It is easy to see that if vertices u and v are in the same orbit, then there is
an automorphism ϕ such that ϕ(u) = v. So, by definition of an automorphism, for
every vertex x,
d(u) =x∈V(G)d(x, u) = x∈V(G)d(ϕ(x), ϕ(u))
=x∈V(G)d(ϕ(x), v) = y∈V(G)d(y, v) = d(v)
Thus, W(G) = W(G) = ∑rj=1 |Aj|2 d(xj). If G is vertex transitive then r = 1 and
|A1| = |V(G)|. Therefore, W(G) = |V(G)|2 d(x), for each vertex x.
Apply our method on an toroidal fullerene (or achiral polyhex nanotorus) R =
R[p, q], Figs. 2.5 and 2.6. To compute the Wiener index of this nanotorus, we first
prove its molecular graph is vertex transitive.
Lemma 2 The molecular graph of a polyhex nanotorus is vertex transitive.
Proof To prove this lemma, we first notice that p and q must be even. Consider
the vertices uij and urs of the molecular graph of a polyhex nanotori T = T[p, q],
Fig. 2.6. Suppose both of i and r are odd or even and σ is a horizontal symmetry
plane which maps uit to urt, 1 ≤ t ≤ p and π is a vertical symmetry which maps
utj to uts, 1 ≤ t ≤ q. Then σ and π are automorphisms of T and we have πσ(uij) =
π(urj) = urs. Thus uij and urs are in the same orbit under the action of Aut(G) on
V(G). On the other hand, the map θ defined by θ(uij) = θ(u(p+1−i)j) is a graph
automorphism of T and so if “i is odd and r is even” or “i is even and r is odd” then
again uij and urs will be in the same orbit of Aut(G), proving the lemma.
Fig. 2.5 A toroidal fullerene
(or achiral polyhex
nanotorus) R[p,q]
Figure 4: A achiral polyhex nanotorus (or toroidal fullerene) T [p, q]
The following lemma was proved in [3] and [30].
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(a) (b)
• vertices of degree 3, ◦ vertices of degree 2Figure 5: A 2-dimensional lattic for an achiral polyhex nanotorus T [p, q]
Lemma 3.11 ([3],[30]). The achiral polyhex nanotorus T = T [p, q] is vertex
transitive such that for an arbitrary vertex u ∈ V (T )
σT (u) =

q
12
(6p2 + q2 − 4), q < p;
p
12
(3q2 + 3pq + p2 − 4), q ≥ p.
The following is a direct consequence of Lemma 3.1 and Lemma 3.11.
Corollary 3.12. Let T = T [p, q] be a achiral polyhex nanotorus. Then
S1(T ) =

pq2
4
(6p2 + q2 − 4), q < p;
p2q
4
(3q2 + 3pq + p2 − 4), q ≥ p.
And
S2(T ) =

pq3
96
(6p2 + q2 − 4)2, q < p;
p3q
96
(3q2 + 3pq + p2 − 4)2, q ≥ p.
Corollary 3.13. Let T = T [p, q] be a achiral polyhex nanotorus. Then
S1(T ) =

pq2
12
(pq − 4)(6p2 + q2 − 4), q < p;
p2q
12
(pq − 4)(3q2 + 3pq + p2 − 4), q ≥ p.
And
S2(T ) =

pq3
288
(pq − 4)(6p2 + q2 − 4)2, q < p;
p3q
288
(pq − 4)(3q2 + 3pq + p2 − 4)2, q ≥ p.
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Proof. Since 2W (G) =
∑
u∈V (G) σG(u) and polyhex nanotorus T [p, q] has pq
vertices, by Lemma 3.11, the Wiener index of polyhex nanotorus T [p, q] is as
follows [30]:
W (T ) =

pq2
24
(6p2 + q2 − 4), q < p;
p2q
24
(3q2 + 3pq + p2 − 4), q ≥ p.
Substituting this in the Proposition 2.1 and Corollary 3.12 we get the results.
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